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Abstract 

In most Calculus books, one finds well-known tricks for evaluating ∫ sec 𝑥 𝑑𝑥 and ∫ csc 𝑥 𝑑𝑥. In this 

article, we give another method of evaluating these integrals. 

Introduction 

In most good Calculus books, one finds well-known tricks for evaluating ∫ sec 𝑥 𝑑𝑥 and ∫ csc 𝑥 𝑑𝑥, 

namely 

∫ sec 𝑥 𝑑𝑥 = ∫ sec 𝑥 ⋅ 1 𝑑𝑥 = ∫ sec 𝑥 ⋅
sec 𝑥 + tan 𝑥

sec 𝑥 + tan 𝑥
𝑑𝑥 = ∫

𝑠ec2 𝑥 + sec 𝑥 tan 𝑥

sec 𝑥 + tan 𝑥
𝑑𝑥 

= ∫
1

𝑢
𝑑𝑢, where 𝑢 = sec 𝑥 + tan 𝑥 

  

= ln|𝑢| + 𝐶 = ln|sec 𝑥 + tan 𝑥| + 𝐶, 
and 

∫ csc 𝑥 𝑑𝑥 = ∫ csc 𝑥 ⋅ 1𝑑𝑥 = ∫ csc 𝑥 ⋅
csc 𝑥 + cot 𝑥

csc 𝑥 + cot 𝑥
𝑑𝑥 

  

= ∫
csc2 𝑥 + csc 𝑥 cot 𝑥

csc 𝑥 + cot 𝑥
𝑑𝑥 = ∫

1

𝑢
𝑑𝑢, where 𝑢 = cot 𝑥 + csc 𝑥 

  

= − ln|𝑢| + 𝐶 = − ln | csc 𝑥 + cot 𝑥| + 𝐶. 

Some Calculus II instructors, the author included, have had a difficult time giving a convincing 

answer when students ask them the following questions: How did you come up with this trick? 

Is there another method to evaluate these integrals? 

In this article, we give one additional method of evaluating these integrals. We call this method 

the MUTOBO Method. Before we embark on this task, we need some preliminaries. 

Preliminaries 

In this section, we state and prove some key results that we will use in the MUTOBO Method to evaluate 

∫ sec 𝑥 𝑑𝑥 and ∫ csc 𝑥 𝑑𝑥. We begin with 
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Lemma 1 If x is a real number, then 

 1 + sin 𝑥

1 − sin 𝑥
= (sec 𝑥 + tan 𝑥)2. (1) 

Proof. 

1 + sin 𝑥

1 − sin 𝑥
=

1 + sin 𝑥

1 − sin 𝑥
⋅

1 + sin 𝑥

1 + sin 𝑥
=

(1 + sin 𝑥)2

(1 − sin 𝑥)(1 + sin 𝑥)
=

1 + 2 sin 𝑥 + sin2𝑥

1 − sin2𝑥
 

  

=
1 + 2 sin 𝑥 + sin2𝑥

cos2 𝑥
=

1

cos2 𝑥
+

2 sin 𝑥

cos2 𝑥
+

sin2𝑥

cos2 𝑥
 

  

= 𝑠ec2 𝑥 + 2 tan 𝑥 sec 𝑥 + tan2 𝑥 = (sec 𝑥 + tan 𝑥)2. 

This completes the proof of (1). 

Lemma 2 If x is a real number, then 

 
1 + cos 𝑥

1 − cos 𝑥
= (csc 𝑥 + cot 𝑥)2. (2) 

Proof. 

1 + cos 𝑥

1 − cos 𝑥
=

1 + cos 𝑥

1 − cos 𝑥
.
1 + cos 𝑥

1 + cos 𝑥
=

(1 + cos 𝑥)2

(1 − cos 𝑥)(1 + cos 𝑥)
 

  

=
1 + 2 cos 𝑥 + cos2 𝑥

1 − cos2 𝑥
=

1 + 2 cos 𝑥 + cos2 𝑥

sin2𝑥
=

1

sin2𝑥
+

2 cos 𝑥

sin2𝑥
+

cos2 𝑥

sin2𝑥
 

  

= csc2 𝑥 + 2 csc 𝑥 cot 𝑥 + cot2𝑥 = (csc 𝑥 + cot 𝑥)2. 

This completes the proof of (2). 

We are now ready to use the MUTOBO Method to evaluate the indefinite integrals ∫ sec 𝑥 𝑑𝑥 

and ∫ csc 𝑥 dx. 

Evaluating Indefinite Integrals of 𝒔𝒆𝒄 𝒙 and 𝒄𝒔𝒄 𝒙 by the MUTOBO Method 

In this section, we use the multiply-top-and-bottom (MUTOBO) method to evaluate ∫ 𝑠𝑒𝑐 𝑥 𝑑𝑥 

and ∫ csc 𝑥 𝑑𝑥. We begin with evaluating ∫ sec 𝑥 𝑑𝑥. 

∫ sec 𝑥𝑑𝑥 = ∫
1

cos 𝑥
𝑑𝑥 = ∫

1

cos 𝑥
.
cos 𝑥

cos 𝑥
𝑑𝑥 = ∫

cos 𝑥

cos2 𝑥
𝑑𝑥 = ∫

cos 𝑥

1 − sin2𝑥
𝑑𝑥 

  

= ∫
1

1 − 𝑢2
𝑑𝑢, where 𝑢 = sin 𝑥 

  

= ∫
1

(1 + 𝑢)(1 − 𝑢)
𝑑𝑢 = ∫ [

1 2⁄

1 + 𝑢
+

1 2⁄

1 − 𝑢
] 𝑑𝑢, using partial fractions 

  

=
1

2
[∫

1

1 + 𝑢
𝑑𝑢 + ∫

1

1 − 𝑢
𝑑𝑢] =

1

2
[ln|1 + 𝑢| − ln|1 − 𝑢|] + 𝐶 

 

=
1

2
ln |

1 + 𝑢

1 − 𝑢
| + 𝐶 
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=
1

2
ln |

1 + sin 𝑥

1 − sin 𝑥
| + 𝐶 =

1

2
ln(sec 𝑥 + tan 𝑥)2 + 𝐶,  using Lemma 1 

  

= ln √(sec 𝑥 + tan 𝑥)2 + 𝐶 = ln|sec 𝑥 + tan 𝑥| + 𝐶. 

Next, we evaluate ∫ csc x 𝑑𝑥 using the MUTOBO Method. 

∫ csc 𝑥 dx = ∫
1

sin 𝑥
𝑑𝑥 = ∫

1

sin 𝑥
.
sin 𝑥

sin 𝑥
𝑑𝑥 = ∫

sin 𝑥

sin2𝑥
𝑑𝑥 = ∫

sin 𝑥

1 − cos2 𝑥
𝑑𝑥 

  

= − ∫
1

1 − 𝑢2
𝑑𝑢, where 𝑢 = cos 𝑥 

  

= − ∫
1

(1 + 𝑢)(1 − 𝑢)
𝑑𝑢 = − ∫ [

1 2⁄

1 + 𝑢
+

1 2⁄

1 − 𝑢
] 𝑑𝑢, using partial fractions 

  

= −
1

2
[∫

1

1 + 𝑢
𝑑𝑢 + ∫

1

1 − 𝑢
𝑑𝑢] = −

1

2
[ln|1 + 𝑢| − ln|1 − 𝑢|] + 𝐶 

  

= −
1

2
ln |

1 + 𝑢

1 − 𝑢
| + 𝐶 = −

1

2
ln |

1 + cos 𝑥

1 − cos 𝑥
| + 𝐶 

  

= −
1

2
ln(csc 𝑥 + cot 𝑥)2 + 𝐶,  using Lemma 2 

  

= − ln √(csc 𝑥 + cot 𝑥)2 + 𝐶 = − ln|csc 𝑥 + cot 𝑥| + 𝐶. 

Concluding Remarks 

To evaluate the indefinite integrals ∫ sec 𝑥 𝑑𝑥 and ∫ csc 𝑥 𝑑𝑥, one may also use the Weierstrass 

substitution 

𝑢 = tan (
𝑥

2
) ,  for − 𝜋 < 𝑥 < 𝜋. 

For details on the Weierstrass substitution, see Bradley and Smith [1], p. 495. We do confess that both the 

MUTOBO Method and the Weierstrass Substitution Method are more complicated than the tricks used in 

the introduction to evaluate ∫ sec 𝑥 𝑑𝑥 and ∫ csc 𝑥 𝑑𝑥. These two methods would, without a doubt, be 

good projects for inquisitive Calculus II students. It would be nice if every Calculus II instructor were 

aware of these methods! 
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